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REDUCTION OF THE MODIFIED POINCARÉ
DIFFERENTIAL EQUATION TO BIRKHOFF MATRIX FORM
ICE B. RISTESKI
In this paper the reduction of the modified Poincaré linear differential
equation with one n-tuple regular singularity to the Birkhoff canonical matrix form
is given.
1. Introduction
In the previous paper [1] it is shown that the general Poincaré linear differential
equation is reduced to the following Cauchy matrix form (xI − D) dYdx = QY ,
where I is the n× n unit matrix, Q is an n× n constant matrix of the reduction,
D = diag (d1, d2, · · · , dn) and di (1 ≤ i ≤ n) are distinct regular singularities. If
we formally substitute di = 0 (1 ≤ i ≤ n) into the last equality, then we easily find
that the modified Poincaré linear differential equation with one n-tuple regular
singularity is reduced to the following Birkhoff matrix form xI dYdx = QY , which
means that the Birkhoff canonical matrix system is a special case of the Cauchy
matrix system. However, as we see below, the matrix Q is not constant in this
case. It is just this type of reduction that will be an object of investigation in the
present paper.
2. Preliminaries










where r is a positive integer. For the equation (1) the characteristic constants
ρi (1 ≤ i ≤ n) of the regular singularity at the coordinate origin x = 0 are given
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as roots of the equation
I(ρ) ≡ [ρ]n −
n∑
i=1
ai0[ρ]n−i = 0 ,
where
[ρ]k = ρ(ρ − 1) · · · (ρ− k + 1), [ρ]0 = 1 ,
such that ρi 6= ρj (mod 1) (i 6= j; 1 ≤ i, j ≤ n). The last equation is derived when
we look for a solution of (1) behaving as xρ near x = 0. The constants ρi (1 ≤
i ≤ n) enter the formulation of our main result. For the sake of completeness we
note that the principal characteristic constants λi (1 ≤ i ≤ n) of the irregular
singularity of rank 1 at infinity x =∞ are given as roots of the equation




n−i = 0 .
It is derived when looking for a solution of (1) behaving as exp (λxr/r) times an
arbitrary power of x at infinity.
3. Main Result
We shall need the following
Lemma. Let ξ10 , ξ
2
0, · · · , ξn0 be constants satisfying the equality
(2) [ρ]n + ξ
1
0 [ρ]n−1 + · · ·+ ξn0 =
n∏
ν=1




µ10 + ρ − (n − 2) −1 0 · · · 0




µn−20 0 0 · · · −1
µn−10 0 0 · · · ρ
∣∣∣∣∣∣∣∣∣∣∣∣∣
,
where µj0 (1 ≤ j ≤ n− 1) are some constants. Let the unknown variable ζ satisfy
the following equalities
ξ10 + [ζ − (n− 1)] = µ10 ,




0 (2 ≤ j ≤ n− 1) ,
ζµn−10 + ξ
n
0 = 0 .
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If ζ takes one of the values ρν , say ζ = ρn, then






µ10 + y1 −1 0 · · · 0
µ20 y2 −1 · · · 0
...
µn−20 0 0 · · · −1
µn−10 0 0 · · · yn−1
∣∣∣∣∣∣∣∣∣∣
= y1y2 · · ·yn−1 + µ10y2y3 · · ·yn−1 + µ20y3y4 · · ·yn−1 + · · ·+ µn−10 ,
then
f(ρ) = [ρ]n−1 + µ
1
0[ρ]n−2 + · · ·+ µn−10
and
(ρ − ρn)f(ρ) = [ρ]n − (ρn − n+ 1)[ρ]n−1 + µ10[ρ]n−1 − (ρn − n+ 2)µ10[ρ]n−2
+ · · ·+ µn−10 [ρ]1 − ρnµn−10
= [ρ]n + ξ10 [ρ]n−1 + · · ·+ ξn0 =
n∏
ν=1
(ρ − ρν) = (ρ − ρn)
n−1∏
ν=1
(ρ − ρν) .
Now we will prove the following result.








q11(x) xr 0 · · · 0 0
q21(x) q22(x) xr · · · 0 0
...
qn−1,1(x) qn−1,2(x) qn−1,3(x) · · · qn−1,n−1(x) xr











ν (j ≤ n)
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(in particular, q0ii = ρi−(i−1)r, 1 ≤ i ≤ n, and qrnj = an+1−j,r(n+1−j), 1 ≤ j ≤ n)
by a linear transformation with polynomials in x−1 as its coefficients.
Proof. Let us denote
(8) yp(x) = x−(r−1)py(p) .
After a differentiation this yields
(9) xy′p = x
ryp+1 + sp+1yp (0 ≤ p ≤ n− 1),
where
si = −(i − 1)(r − 1) (1 ≤ i ≤ n) .










j−ri (1 ≤ i ≤ n) .
Let us denote D ≡ x d
dx












r 0 · · · 0 0
0 s2 xr · · · 0 0
...
0 0 0 · · · sn−1 xr













(12) DY = L(x)Y .
By the linear transformation of Turrittin [2]
(13) U = C(x)Y ,




1 0 0 · · · 0 0
c21(x) 1 0 · · · 0 0




cn1(x) cn2(x) cn3(x) · · · cn,n−1(x) 1

,
we obtain the equality
(14) DU = [DC(x) + C(x)L(x)]C−1(x)U = Q(x)U ,
and hence it follows that
(15) DC(x) + C(x)L(x) = Q(x)C(x) .
From (15) cij(x) (i > j) can be uniquely determined so that all entries of the
















rci,j−1(x) + sjcij (1 ≤ i ≤ n− 1) ,
pnj(x) = xrcn,j−1(x) + sjcnj(x) + xrFn−j+1(x)
and
(17) tij(x) = qij(x) +
i∑
ν=j+1
qiν(x)cνj(x) + xrci+1,j(x) ,
where
cii(x) = 1 , cij(x) = 0 (j > i), ci0(x) = 0 .
Then (15) can be written as
(18) Dcij(x) + pij(x) = tij(x) (j < i + 2).
These relations are identically satisfied for the entries above the diagonal be-
cause pi,i+1(x) = xr and ti,i+1 = xr.
For the diagonal entries (18) becomes
pii(x) = tii(x) ,
which implies that
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xrci,i−1(x) + si = qii(x) + xrci+1,i(x) (1 ≤ i ≤ n− 1) ,(19)
xrcn,n−1(x) + sn + xrF1(x) = qnn(x) ,(20)
and for the j-th subdiagonal entries we obtain
(21)




qi,i−ν(x)ci−ν,i−j(x) + xrci+1,i−j(x) (2 ≤ i ≤ n− 1) ,
(22)




qn,n−ν(x)cn−ν,n−j(x) (1 ≤ j ≤ n− 1) .
From the equalities (19) – (22) the subdiagonal entries of C(x) can be de-
termined as polynomials of the same degree with respect to x−1. Now we will
substitute
(23) ci,i−j(x) = x−rc1i,i−j(x) + x
−2rc2i,i−j(x) + · · ·+ x−jrc
j
i,i−j(x)
(2 ≤ i ≤ n; 1 ≤ j ≤ i− 1) ,
where cmi,i−j(x) (1 ≤ m ≤ j) are polynomials of x of degree at most r − 1. The
coefficients Fi(x) (1 ≤ i ≤ n) can be represented in the form
(24) Fi(x) = ai,ri + x
−rF 1i (x) + x
−2rF 2i (x) + · · ·+ x−irF ii (x) (1 ≤ i ≤ n) ,
where Fmi (x) (1 ≤ m ≤ i) are polynomials of degree r − 1, i.e.
(25) Fmi (x) = F
m
i (0) + F
m
i1 x+ · · ·+ Fmi,r−1xr−1 .
































(trµ0 + tr−1µ1 + · · ·+ t1µr−1) + (trµ1 + tr−1µ2 + · · ·+ t2µr−1)x
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Substituting (23) and (24) into (21) and (22), we obtain
(26)






















































(1 ≤ m ≤ j) ,
where
cmi−ν,i−j = 0 (m > j − ν) .
From (26) it just follows that
(30) qn,n−j = aj+1,r(j+1)x
r + lower order terms (0 ≤ j ≤ n− 1) .
Now we are able to determine all coefficients of the polynomials cmij (x) and
qij(x).
First we will start by the determination of cjn,n−j(x) (1 ≤ j ≤ n−1) and qnn(x).
From (20) and (28) we obtain
(31)
c1n,n−1 + sn + F
1

















1x+ · · ·+ µ
j
r−1x
r−1 (1 ≤ j ≤ n− 1) ,
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then from (31) it follows that
(32) µ10 = q
0
nn − sn − a10 = q0nn + (n− 1)r − (n− 1)− a10 ,
(33) µ1m = q
m
nn − F 11m (1 ≤ m ≤ r − 1) ,
µj+10 = (q
0
nn + jr − sn−j)µ
j
0 − aj+1,0
= [q0nn + (n− 1)r − (n− j − 1)]µ
j















(1 ≤ j ≤ n− 1; 1 ≤ m ≤ r − 1) ,
where µnm = 0 and
0∑
ν=1
= 0. Applying the Lemma to (32) and (34), it follows that




ai0[ρ]n−i = 0 .
By the substitution
(36) q0nn + (n − 1)r = ρn
the coefficients µj0 (1 ≤ j ≤ n − 1) can be determined. Using (33) and (35), we
will determine µjm (1 ≤ j ≤ n− 1) and then qmnn successively for m = 1, · · · , r− 1.
In fact, according to the equation (4) the determinant∣∣∣∣∣∣∣∣∣∣∣
µ10 + ρn −m− (n− 2) −1 0 · · · 0
µ20 ρn −m − (n− 3) −1 · · · 0
...
µn−20 0 0 · · · −1
µn−10 0 0 · · · ρn −m
∣∣∣∣∣∣∣∣∣∣∣
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is again different from zero, which means that the coefficients of cjn,n−j(x) and
qnn(x) can be uniquely determined.
Further the coefficients cji,i−j(x) (1 ≤ j ≤ i− 1) and qii(x) will be successively
determined. From (19) and (26), it follows that
(37)










1 + cj+1i+1,i−j (1 ≤ j ≤ i− 1) .





1 x+ · · ·+ ξ
j+1
r−1x
r−1 (0 ≤ j ≤ i − 1)
be polynomials and let the constants ξj0 (1 ≤ j ≤ i) satisfy the equation
(38) [ρ]i + ξ10 [ρ]i−1 + · · ·+ ξi0 =
i∏
ν=1
(ρ − ρν) .






1x+ · · ·+ µ
j
r−1x





(of course, the coefficients µjν (1 ≤ ν ≤ r−1) of c
j
i,i−j are in general different from
those of cjn,n−j but we suppress the dependence on i) we obtain
(39) µ10 = q
0
ii + (i − 1)r − (i − 1) + ξ10,




m (1 ≤ m ≤ r − 1),
(41) µj+10 = [q
0


















(1 ≤ j ≤ i − 1; 1 ≤m ≤ r − 1)
where µim = 0. Applying the Lemma to the equations (39), (41), it follows that
(43) q0ii + (i − 1)r = ρi
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and




Again, assuming that (6) and (7) hold, cji,i−j(x) (1 ≤ j ≤ i − 1) and qii(x)
can be determined. Thus by mathematical induction we proved that for each
i (1 ≤ i ≤ n) cji,i−j(x) (1 ≤ j ≤ i − 1) and qii(x) can be determined. By using
(36), (38), (43) and (44), we also obtain that qii(x) has the form




ν (1 ≤ i ≤ n),
where qrii = 0 (i 6= n) and qrnn = a1r.
Finally, we will prove that the sets of polynomials
{qn,n−j(x), cmn−j−m(x); 1 ≤ m ≤ n− j − 1}
and
{qi,i−j(x), cmi,i−j−m(x); 1 ≤ m ≤ i− j − 1} (n− 1 ≥ i ≥ 1)
can be determined successively for the values n and i (1 ≤ i ≤ n − 1). It will be
proved by induction on j. Let the sets {qn,n−ν, cmn−ν−m} and {qi,i−ν, cmi−ν−m} (1 ≤
i ≤ n− 1) be known for 0 ≤ ν ≤ j − 1. Then from (28) we obtain
(45)

























1 x+ · · ·+ ξmr−1xr−1 (1 ≤ m ≤ n− j − 1)
and using (38) and (44), we obtain

















1 x+ · · ·+ µmr−1xr−1 (1 ≤ m ≤ n− j − 1) ,
then from (29) there follow the equalities
qrn,n−j = aj+1,r(j+1) ,(47)
qνn,n−j = µ
1
ν + known terms (0 ≤ ν ≤ r − 1) ,(48)
and from (45) we obtain










ν−k + · · ·
(1 ≤ m ≤ n− j − 1; 0 ≤ ν ≤ r − 1) ,
The equation (49) can be represented in the following form
(50)











ν−k + · · ·
and hence we obtain the determinant∣∣∣∣∣∣∣∣∣∣∣
ξ10 +ρn−jr−ν−(n−j−2) −1 0 · · · 0
ξ20 ρn − jr − ν − (n− j − 3) −1 · · · 0
...
ξn−j−20 0 0 · · · −1
ξn−j−10 0 0 · · · ρn − jr − ν
∣∣∣∣∣∣∣∣∣∣∣






(ρn − rj − ν − ρi) 6= 0 .
Thus, the set {qn,n−j, cmn,n−j−m} is uniquely determined. In order to prove that
the sets {qi,i−j cmi,i−j−m} (1 ≤ i ≤ n − 1) can be uniquely determined, we again
apply mathematical induction. The arguments are similar to those above, so we
omit the details. 
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